We present some graphical characterizations of positive definite symmetric quasi-Cartan matrices of Dynkin type A n and D n . Our proofs are constructive, purely graph theoretical, and almost self-contained in the sense that they rely on the classical inflations method only.
Family
Graph A n , n ≥ 1 ...
E n , 6 ≤ n ≤ 8 ... 
The inflations method on simple bigraphs
For any σ ∈ R and (s, r) ∈ {1, . . . , n} 2 let M σ s r = 1 + σ e s e T r , where (e 1 , . . . , e n ) is the canonical basis of R n and 1 is the identity matrix of size n. In [4, sec. 6.2] it is shown that if A is any positive definite symmetric quasi-Cartan matrix then:
1. A i j ∈ {−1, 0, 1} for all i = j. Therefore G A must be a simple bigraph and any edge e may be uniquely identified with its endpoints (i.e. e = ψ (e)).
2.
A is Z-equivalent to a Cartan matrix. This property is proven using the inflations method: start with A (0) = A, then set A (k+1) = M −1 s r T A (k) M −1 s r whenever an entry A (k) s r = 1 exists for each k = 1, 2, 3, . . . until no such entry exists. The last A (ℓ) computed is guarantied to be a Cartan matrix. 1 The matrix Dyn (A) = A (ℓ) is unique up to isomorphism and may be called the Dynkin type of A (two matrices A and A ′ being isomorphic if A ′ = P T A P for some permutation matrix P). In the following we give characterizations of graphs with Dynkin types A n and D n which proof is graphical, constructive and selfcontained. In doing so, we will make use of the following basic lemmas: The main theorem of [1] is a characterization of the Dynkin type A n bigraphs in terms of the construction of such bigraphs. We present a similar characterization with a constructive proof in terms of its block tree (i.e. its graph decomposition up to biconnected components) as described by [3, sec. 
We transfer this terminology to bigraphs by saying that a bigraph G = G
Proof Use Lemma 2.2 to compute G ′ = T s r G. First assume r ∈ Y . Notice that for each i ∈ X \ {s} there is a dotted edge {s, i} that cancels out the solid edge {i, r} and for each i ∈ Y there is a solid edge {s, i} that cancels out the dotted edge {i, r}, so that the vertex r is not adjacent in G ′ to any other vertex of X nor Y , except for s, which is connected to r by a dotted edge. Also, since r is not adjacent to any vertex of
The case where r ∈ X \ {s} is analog.
⊓ ⊔ For simplicity, we say that two bigraphs G and G ′ are joined by a vertex s if 
. We say that the block tree BT (G) is an A-block tree if each block B i ∼ = F n i for some n i and each separation vertex s of G has degree 2 in BT (G) (so that s joins exactly two blocks of G).
Lemma 3.3 If BT (G) is an A-block tree then BT (T s r G) is an A-block tree.
Proof Let G ′ = T s r G and suppose that BT (G) is an A-block tree. If G does not contain the edge {s, r} then G ′ = G and the lemma is trivially true; otherwise let B be the block of G containing edge {s, r} and consider the bigraphB induced by s and all neighbors of s that do not belong to B. We have two cases: Proof ⇒) By induction on k of Lemma 2.1. For the base case (G (0) = A n ):
where each block
. . , n − 1}, and each separation vertex v 2 , . . . , v n−1 clearly has degree 2 in BT (A n ). Therefore BT (A n ) is an A-block tree. For the induction step, suppose that BT G (k−1) is an A-block tree and compute
is also an A-block tree.
⇐) Let T = BT (G) and n = |V (G)|. We show how to transform G into H ∼ = F n , and then H into A n using T transformations only. Suppose G ≇ F n then T contains a path B 1 s B 2 where B 1 ∼ = F n 1 , B 2 ∼ = F n 2 , and B 1 is a leaf block of G (i.e. deg T (B 1 ) =  1). For simplicity, let V (B 1 ) = {v 1 , . . . , v n 1 } and B 3 = T s v 1 T s v 2 . . . T s v n (B 1 ∪ B 2 ) . Using Corollary 3.2 repeatedly we see that
The Dynkin type D n bigraphs
Next, we give a characterization of the bigraphs of Dynkin type D n . In [2] two types of constructions are suggested. We present yet another construction which proof follows the same pattern as the A n case, and then use it to prove another construction that resembles the one founded in [2] . For our construction we need:
. . , e h }) with h ≥ 2, defined by ψ (e i ) = {x i , x i+1 } for i ∈ {1, . . . , h} (x h+1 = x 1 ) and such that H contains an odd number of dotted edges.
the edge e i with the same line style as in H (i.e. λ F i (e i ) = λ H (e i )), and neither x i nor x i+1 are separation vertices of F i . We also require that all F i 's are vertex pairwise disjoint except for the endpoints of e i ; more precisely V i ∩V i+1 = {x i+1 } for i ∈ {1, . . . , h − 1}, V h ∩V 1 = {x 1 }, and V i ∩V j = / 0 for all other pairs of i, j.
Taking the union of all F i we get a new bigraphĤ which by construction contains a copy of H. Call the simplified version ofĤ (where each pair of parallel edges with opposite line styles are erased) the D-cycle gluing of H and F 1 , F 2 , . . . , F h .
Lemma 4.1 If G is a D-cycle gluing, then T s r G is a D-cycle gluing.
Proof Let G be the D-cycle gluing of H and F 1 , F 2 , . . . , F h , and let G ′ = T s r G. If {s, r} / ∈ E (G) then the lemma is trivially true. Otherwise for i ∈ {1, . . . , h} let B i ∼ = F m i be the block of F i which contains the edge {x i , x i+1 }. Since no x i is a separation vertex of 
Then s is a separation vertex of T s r F i which joins two sub-bigraphs F ′ i (the one containing B ′ i ) andF ′ i (the one containingB ′ i ). By property 4 of Lemma 2.2 we see that{x i−1 , r} ∈ E (G ′ ), so that G ′ contains the path x i−1 r s x i+1 but not the edge {r, x i+1 }. Notice that λ G ({s, x i+1 }) = solid if and only if λ G ′ ({r, s}) = λ G ′ ({s, x i+1 }). Therefore, if we define H ′ as the cycle graph given by the walk x 1 x 2 . . . x i s x i+1 . . . x h x 1 in G ′ , then H ′ has an odd number of dotted edges if and only if H does, and so G ′ is the D-cycle gluing of H and Proof ⇒) We prove this implication by induction on k of Lemma 2.1. For the base case, the D-cycle gluing of G (0) = D n is given by:
is also a D-cycle gluing. ⇐) Let G be any D-cycle gluing of H and F 1 , F 2 , . . . , F h and n = |V (G)| ≥ 4. If {F 1 , . . . , F h } = H then there exists a vertex s joined to some x i by an edge {s, x i } ∈ E (F i ) for some i. Since x i is not a separation vertex of F i , then {s, x i+1 } ∈ E (F i ). Using case 3 of the proof of Lemma 4.1 repeatedly we grow the cycle until we get to a bigraph H ′ which is a D-cycle gluing of H ′ itself and F 1 , F 2 , . . . , F n , where each
0] otherwise. Notice that the transformation I x i = T x i x i+1 T x i x i−1 has the effect of changing {x i−1 , x i } and {x i , x i+1 } to their opposite solid/dotted line style. Since H ′ has an odd number of dotted edges, then applying I x i whenever {x i−1 , x i } is dotted for i = 2, 3, . . . , n yields a cycle bigraph H ′′ where {x n , x 1 } is the only dotted edge. Finally, let
We can easily prove a construction that resembles very much that of [2] . We start with the following lemma: Proof Let V and B be the vertex set and block set of G respectively and define the bipartite graph T [V, B] where each vertex u ∈ V is joined to B ∈ B whenever u ∈ V (B). Clearly T is a tree and contains BT (G). ⊓ ⊔
